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Abstract 

The aim of this paper is to obtain the explicit equations for the fourth power mean of generalized Kloosterman sums 
4
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     where 

2( ) ixe x e  ,   and   are Dirichlet characters modulo q  and 
1

'
q

a

  

denotes the summation over all a  with ( , ) 1a q  , ( , )G a   is a Gauss sum. Moreover, this paper also acquires the computational 

formulas for the fourth power mean of two-term exponential sums 
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   . This improves Calderon and 

Xu’s results by avoiding the restriction ( , )=1.k q  
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1 Introduction 

 

For integers , , ,m n q k  with 3, 2q k   and Dirichlet 

characters modq , , Calderon defined the generalized 

Kloosterman sums [1] 

1

( , , , , ) ' ( ) ( , )
kq

a

ma na
S m n q a G a e

q
   



 
   

 
 , (1) 

where 
2( ) ixe x e   and 

1

'
q

a

  denotes the summation over 

all a  with ( , ) 1a q  . Z. F. Xu defined a two-term 

exponential sums with Dirichlet character [2]: 

1

( , , , , ) ' ( ) .
kq

a

ma na
C m n k q a e

q
 



 
  

 
  

The two-term exponential sums originally arose in 

connection with Waring’s problem and the aim is to find 

optimal bounds. For example, as a pioneer work, Weil [3] 

proved: 

1/ 2| ( , , , ; ) | ,C m n k q kq   

                                                           
* Corresponding author’s e-mail: lsyaiaxc@sohu.com 

where q p  and ( , ) 1.m p   If ,q p 1,  ( , ) 1m p   

and 2,k   it follows from T. Cochrane and Z. Zheng’s 

work [4] that: 

2 / 3 1/ 3| ( , , , ; ) | ( , ) .C m n k p kp n p     

Besides, for 2p , they proved: 

2 / 3 1/ 3| ( , , , ;2 ) | 2 2 ( , 2 )C m n k k n    , 

and claimed that the exponent 
2

3
  is the best result. 

Though the single value of two-term exponential sums 

is irregular, the high power means of their values owns 

graceful arithmetical properties and it in turn become an 

interesting focus for many attentions. Calderon [1], Xu [2], 

Liu [5], Wang [6] acquired a lot of research results. 

From Calderon and Xu’s work, we have the following 

two Propositions: 

Assumption 1: Let p  be a prime with ( , )=( , ) 1k p n p   

and ( , 1)d k p  , let ( , , , , )S m n p   be the sums 

defined in (1). Then for any positive integer k , we have: 
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Assumption 2: Let p  be a prime with ( , ) ( , ) 1k p n p   

and ( , 1)d k p  , let   be a positive integer. Then for 

any positive integer k , we have: 

1
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Unfortunately, Calderon and Xu only got the explicit 

equations of 
4

1 mod

( , , , , )
p

m p

C m n k p












   and ( )kM p  

under the condition of ( , )=1k p , they haven’t taken the 

situation ( , )k p p  into consideration. And for this 

reason, they can’t give the explicit computational 

equations of 
4

1 mod

( , , , , )
q

m q

C m n k q





   and ( )kM q  if 

( , ) 1k q  . The main purpose of this paper is to make 

further researches into the computation problem of the 

fourth power mean ( )kM p  with the condition ( , )k p p  

and thus obtain the computational equations of ( )kM q . 

Moreover, we acquire explicit equations of 

4

1 mod

( , , , , )
q

m q

C m n k q





   on the basis of ( )kM q . Now we 

list the main results. 

Theorem 1 Let p  be an odd prime with ( , ) 1,n p   

( , )p k p  and ( , 1)d k p  , let   be a positive integer. 

Then for any positive integer k , we have: 

4
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. 

 

2 Preliminaries 

 

To prove the main results, necessary lemmas are listed and 

proved as below. 

Lemma 1 Let p  be a prime and   be any positive 

integer. Consider the Ramanujan sum 

/
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 , 

Then: 
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Proof: See the Theorem 7.4.4 in the Ref. [7]. 

Lemma 2 Let integer 1 2

1 2
t

tq p p p
 

 , where 1 2, ,p p  

, tp  are positive integers, relatively prime in pairs: 

( , ) 1, ,i jp p i j   then we have: 

4
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where 1 2 modt q     such that mod i

i ip
  

( 1,2, , ).i t  

Proof: See the Theorem 2.1 in the Ref. [2]. 

Lemma 3 Let p  be a prime and ,k   be positive integers, 

( , , , , )S m n p   be the sum defined in (1), then we have 

the identity 

4

1 mod mod

3 2 2

( ) ( , , , , )

( 1) ( ) ( ; ),

p

k

m p p

M p S m n p

p p N p U k p



 

 

 

  

 
 



 



  
 (2) 

where: 
2

2 1

1, 1,
( )

( 1), 2

p p
N p

p p









   
 

 
 

and 

1 1 1

( 1)( ) 0(mod )

( 1)( )
( ; ) ' ' '

k k k

p p p

c b s

c b s p

n c b s
U k p e

p

  






  

  

  
  

 
 . 

More, if 1k  , then: 

2 1(1; ) ( 1) ( ) ( ) .U p p p p          

Proof: See the Theorem 3.1 and Lemma 2.4 in [1]. 
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Lemma 4 Let p  be an odd prime and ,k  be positive 

integers with || ( 0).hp k h   Let N  denote the number of 

solutions of the system of congruencies: 

1(mod )

1(mod )

ka p

a p






≡

≡
, (3) 

where a  runs through a reduced residue system modulo

,p
 then we have: 

1( , ( )) , 1 ,

( , ( )) , 1 .h

k p p h
N

k p p h

 



 

 

   
 

  
 

Proof: Let g  be a primitive root of modulo p  and modulo

p
, let , 1 ( ).ia g i p    Therefore, the system of 

congruencies Equation (3) equivalents to the system of 

congruencies: 

1(mod )
,

1(mod )

ik

i

g p

g p






≡

≡
 

thus, we have: 

0(mod ( ))
.

0(mod ( ))

ik p

i p










≡

≡
 

Now we consider the number of the solutions of the 

system of congruencies 

0(mod ( ))
.

0(mod ( ))

ik p

i p





 



 (4) 

From the second congruence equation in Equation (4), 

we get 

1( 1), 1 ,i t p t p      (5) 

substituting Equation (5) into the first congruence equation 

in Equation (4), we get: 

( 1) 0(mod ( )).t p k p   

Note that || ( 0)hp k h  , we write , ( , ) 1,hk p s s p   

then ( 1) 0(mod ( )).ht p p s p   Therefore, 1 .hp tp  If 

1 ,h    then t  has 
1p 

 solutions; if 1 ,h    

10(mod ),ht p    then t  has 
hp  solutions. 

Since the number of solutions of the first congruence 

equation in Equation (4) is ( , ( )),k p  then the number of 

solutions of system of congruencies Equation (3) is: 

1( , ( )) , 1
.

( , ( )) , 1h

k p p h
N

k p p h

 



 

 

   
 

  
 

Lemma 5 Let p  be an odd prime and , ,k i  be integers 

with 1, 0,i i     and || .hp k  Define set: 

{( , ) ( , ) ( , ) ( , ) 1, 0(mod )},k k iE b s p b p s p b s b s p        

where ,b s run through a reduced residue system mod ,p
 

then the values b s  of set E  takes all the values of the 

reduced residue system mod ,p A
 times, where: 

1

, 0
,

( 2), 0

ip A i
A

p p i









 
 

 
 

1( , ( )) , 1

( , ( )) , 1

i i

i h

k p p i h
A

k p p i h





   
  

  
. 

Proof We know that ( , )b s  of set E  satisfies the 

following system of congruencies: 

(mod )
,

(mod )

k k ib s p

b s p






≡

≡
 (6) 

where ,b s run through a reduced residue system mod p
 

It is very clear that Equation (6) equivalents to the 

system of congruencies: 

( ) 1(mod )
.

1(mod )

k ibs p

bs p



 

≡

≡
 (7) 

If 0,i   by Lemma 4, we know the number of 

solutions of sb  modulo
ip  of (7) is 

1( , ( )) , 1

( , ( )) , 1

i i

i h

k p p i h
A

k p p i h





   
  

  
. 

If 0i  , then the number of solutions of bs  modulo 

p  of Equation (7) is 2p  . 

From the above two cases, we know the number of 

solutions of bs  modulo p
 of Equation (6) is: 

1

, 0

( 2), 0

ip A i
A

p p i









 
 

 
. 

Now let 1, , (mod )Aa a p    be the solutions of bs  

modulo p
. Fixing s  in a reduced residue system modulo

,p
 then: 

1, (mod ),Abs a a p   

1 2( 1) , ( 1) , ( 1) (mod ).Ab s a s a s a s p       

Now let s  run through a reduced residue system 

modulo ,p
 then: 

1 1 1 1 2 1 1( 1) , ( 1) , , ( 1) (mod ),Ab s a s a s a s p       

2 2 1 2 2 2 2( 1) , ( 1) , , ( 1) (mod ),Ab s a s a s a s p       
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…, 

( ) ( )

1 2( ) ( ) ( )
( 1) , ( 1) , , ( 1) (mod ),
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b s

a s a s a s p

 

  

 



  

 

   




1

( 1) |  in the reduced residue system (mod )
A

i

i

b s

a s s p



 

 
 

Thus, proves Lemma 5. 

Lemma 6 Let p  be an odd prime and ,i t  be integers such 

that 1, 2,i t   then we have: 

   1 ,it t i

p k p kV p C V p C  

where ( )pV  denotes the standard p-adic valuation. 

Proof: We know: 

       

   

 

1 1

2

( 1) ( 1)

!

( 1) ( 1) !

!

2
( 1) 1 1

1 1 1

it t i t

p k p k p k p k
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k k t
it i V

t

it i V k k t V t

t t
it i V t it i

p p

t t p
i t t t

p p p

     

   
   

 

      

   
          

    

 
       

   

 

If 3p   or 3p   with 3,t   it is obviously that 

   1 .it t i

p k p kV p C V p C  

If 3p   with 2t  , then 

       1 2 1

3 3 1.it t i

p k p k k kV p C V p C i V C V C      

That completes the proof of Lemma 6. 

Lemma 7 Let p  be an odd prime with ( , ) ( , ) 1b p s p   

and || ( 1)ip b s i  , let ,k i  be integers such that 1,i   

1k   and ||hp k , then we have 
kkhi sbp  || . 

Proof: Let ( , ) 1ib s vp p v  ， , then: 

   
2

1 1 2 2

1 1 2 2 2 2

( )k k i k k

k
k i k i k i

k k k

i k i k ik k k

k k k

b s s vp s

C s vp C s vp C vp

p C s v p C s v p C v

 

 

    

   

  

 (8) 

From Lemma 6, we know if 1,i  2,t   then 

   1it t i

p k p kV p C V p C . 

Note that || , ( , ) ( , ) 1,hp k v p s p   therefore: 

||i h k kp b s  . 

Lemma 8 Let p  be an odd prime with ( , ) 1p n   and 

2, 2k    be positive integers with .p k  Define: 

1

2

1 1 1 1

( 1)( ) 0(mod )

( 1)( )

( 1)( )
( ; ) ' ' '

k k k

i
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  , 

then: 

2 2

2 ( ; ) ( 1)[2( 2) ( 2)( 1)]U k p p p p p         . 

Proof: Let: 

2

1 1 1
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k k k

i

p p p

i
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 , 

then we have 
1

2 2

1

( ; ) ( ; )i

i

U k p U k p


 




 . 

Now we split the sum 2 ( ; )iU k p
 into three terms: 

1

2

1 1 1

( 1)( ) 0(mod )

| ( 1), ||( )

( 1)( )
( ; ) ' ' '

k k k

i

p p p

i
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 , 

1
2

2
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3

2
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| ( ), ||( 1)
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k k k

i

p p p

i
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 , 

thus: 

1 2 3

2 2 2 2( ; ) ( ; ) ( ; ) ( ; )i i i iU k p U k p U k p U k p      . (9) 

Let h  denote the number ||hp k , from the condition 

p k  we immediately get 1h  . 

1) For 2  , we have 1i   and therefore: 
2 2

21( ; ) 0U k p  . 

From Lemma 7, if || ,p b s  then 
1 || ,h k kp b s   so 

2 2 2

2

2 2 2 2

1 2 / / /

21 2
1 1 1
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By Lemma 7, we know if || 1,p c   then 
1 || 1,h kp c   

so: 

2 2 2

2

2 2

3 2 / / /

21 2
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By using Lemmas 1 and 5, we have: 
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3 2 2 / 2
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Then: 

2 1 2 3 2

21 21 21

2
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2 2 2
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By using Lemma 7, we know if || ,ip b s  then 

||i h k kp b s  , if +1i h   ， then the congruence 

equation ( 1)( ) 0(mod )k k kc b s p    equivalents to the 

congruence 1 0(mod )k i hc p    ; if i h   ， the 

congruence ( 1)( ) 0(mod )k k kc b s p    obviously 

holds. 

Case 1 If i h   ， then: 
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Case 2 If +1i h   ， then 
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From the above two cases, we get 

1
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0,1 2
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Similarly to the method of computing 
1

2 ( ; )iU k p
, we 

get: 
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2
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, 

At last, we compute: 

1
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    . 

By Lemma 7, we know if || ( 1)p c   and 

|| ( ),ip b s   then || 1,h kp c    ||i h k kp b s    and 

2 || ( 1)( ).i h k k kp c b s    If 2i h   ， then the equation 

( 1)( ) 0(mod )k k kc b s p    obviously holds. If 

2 1i h    ，  surely, the congruence equation 

( 1)( ) 0(mod )k k kc b s p    cannot hold. 

Case 1 If 2i h   , then: 

1
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  /

1

2 2 2
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i
v
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Case 2 If 2 1,i h     then 

2

2 ( ; ) 0.iU k p   

Therefore: 

2

2 2 2 2

0,1 2
( ; ) .

( 2) ( 1) , 1
i

i
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Using Equation (9), we immediately get: 
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Therefore, 
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1

2 2

1

2 2

( ; ) ( ; )

( 1)[2( 2) ( 2)( 1)].

i
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p p p p


 

 







 

     


 

In conclusion, we have if 2  , then 

2 2

2 ( ; ) ( 1)[2( 2) ( 2)( 1)].U k p p p p p          

Lemma 9 Let p  be a prime with ( , ) 1,p n   ,k   be 

positive integers such that 1k   and ( , 1)d k p  . 
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then 
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Proof: 1) For 1,   we split the sum 3 ( ; )U k p  into two 

terms: 
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| ( 1)( )

/ / /

1 1 1
| ( 1)( )

|( 1)

/ / /

1 1 1

| ( 1), |( )
| ( 1)( )

( 1)( )
( ; )

( 1)( )

( 1)(

k k k

k

k k k

p p p

c b s
c b s p

p c b s

p p p

c b s
p c b s

p c

p p p

c b s
p c p b s

p c b s

n c b s
U k p e

p

n c b s
e

p

n c b s
e

  

  
 

  
 



  

 
 

  
  

 

  
 

 

 

  

  

  

31 32

)

( ; ) ( ; )

p

U k p U k p

 
 

 



 

First we compute 31( ; )U k p , 

/ / /

31

1 1 1
| ( 1)( )

|( 1)

/ / /

1 1 1
| ( 1) | ( )

|( 1)

( 1)( )
( ; )

( 1)( )
.

k

k

p p p

c b s
p c b s

p c

p p p

c b s
p c p b s

p c

n c b s
U k p e

p

n c b s
e

p

  
 



  
  



  
  

 

  
 
 

  

  

 

By Lemma 5, we know b s  takes all the values of the 

reduced residue system mod p , 2p   times. With the 

properties of Ramanujan sum (see Lemma 1), we have: 

/

31

1
| ( 1)

|( 1)

( ; ) ( 2) ( 2)( 1).

k

p

c
p c

p c

U k p p p d





        

Now we consider: 

/ / /

32

1 1 1

| ( 1), 0(mod )
| ( 1), |

( 1)( )
( ; )

k k k

p p p

c b s

p c b s p
p c p b s

n c b s
U k p e

p  

  
  

  
  

 
   . 

From Lemma 5, we know b s  takes all the values of 

the reduced residue system mod p ,  1d   times, then: 

/

32

1
| ( 1)

| ( 1)

( ; ) ( 1)( 1) ( 1)( 1 )( 1).

k

p

c
p c

p c

U k p d p d d





         

Therefore: 

3 31 32( ; ) ( ; ) ( ; ) ( 1)(2 3)U k p U k p U k p d p d       . 

2) For 2  , 

 

/ / /

3

1 1 1

( 1)( ) 0(mod )
| ( 1)( )

1
/ / /

1 1 1 1

||( 1), 0 mod

| ( 1), | ( )

( 1)( )
( ; )

( 1)( )
.

k k k

i k k k i

p p p

c b s

c b s p
p c b s

p p p

i c b s

p c b s p

p c p b s

n c b s
U k p e

p

n c b s
e

p

  













  

  
 



   

  

  

  
  

 

  
 
 

  

   

 

From Lemma 5, we know b s  takes all the values of 

the reduced residue system mod p
 some times, then we 

have: 

 

/ /

1 1

0 mod

| ( )

( 1)( )
0

k k i

p p

b s

b s p

p b s

n c b s
e

p

 






 

 



  
 

 
  . 

So: 

3 ( ; )=0.U k p
 

In conclusion, we have: 

3

( 1)(2 3), 1
( ; ) .

0, 2

d p d
U k p





    
 


 

 

3 Proof of the Theorem 1 

 

Now we prove Theorem 1. 

Proof: We split the sum: 

/ / /

1 1 1

( 1)( ) 0(mod )

( 1)( )
( ; )

k k k

p p p

c b s

c b s p

n c b s
U k p e

p

  






  

  

  
  

 
    

into three terms: 

/ / /

1

1 1 1

( 1)( )

( ; ) 1,
p p p

c b s

p c b s

U k p
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1
/ / /

2

1 1 1 1

( 1)( ) 0(mod )

||( 1)( )

( 1)( )
( ; ) ,

k k k

i

p p p

i c b s

c b s p

p c b s

n c b s
U k p e

p

  










   

  

 

  
  

 
     

/ / /

3

1 1 1

( 1)( ) 0(mod )
| ( 1)( )

( 1)( )
( ; )

k k k

p p p

c b s

c b s p
p c b s

n c b s
U k p e

p

  






  

  
 

  
  

 
   , 

Thus: 

1 2 3( ; ) ( ; ) ( ; ) ( ; )U k p U k p U k p U k p      . 

If 1,   by Lemma 4, 8 and 9, we get 

1 3( ; ) ( ,; ) ( ; )

( 1)(2 3) [( , 1) 1)][2 ( , 1) 3]

( 1)(2 3) ( 1)(2 3).

U k p U k p U k p

p p k p p k p

p p d p d

  

        

     

 

If 2,   by Lemma 4, 8 and 9, we get: 

1 2 3

2 1 1

2 1

( ; ) ( ; ) ( ; ) ( ; )

( 1) ( ) ( ) ( )[2( 2)

( 2)( 1)] ( ) ( 1).

U k p U k p U k p U k p

p p p p p p

p p p p p

   

    

  

   

 

 



   

    

    

 

Therefore: 

2 1

( 1)(2 3) ( 1)(2 3), 1
( ; ) .

( 1), 2

p p d p d
U k p

p p









      
 

 
 

From Lemma 4, we have: 

2 2

7 4 4

( )

( 1) [2 ( ) 3 ( 2)]( 1), 1
.

( 1) , 2

kM p

p p p p d p d d p p

p p











        


 

 

Now we compute 
4

1 mod

( , , , , )
q

m q

C m n k q





  . 

It is not hard to see that: 

( , , , , ) (1, ) ( , , , , )S m n p G C m n k p       , 

So: 

4

1 mod mod

44

1(mod ) mod

44

1(mod ) mod

( ) ( , , , , )

(1, ) ( , , , , )

(1, ) ( , , , , ) .

p

k

m p p

p

mp p

p

mp p

M p S m n p

G C m n k p

G C m n k p



 



 



 

 

 



 



 

 

 

 

 





 

  



  

  

  

 

From the proposition 3.1 in the Ref. [1], we have 

4
2

1 1 mod

2
4

3 2 2
1 mod

( ) ( ) ' ( 1) ( , , , , )

( 1)( 1), 1
( , , , , ) .

( 1) , 2

p p

k p
c m p

p

m p

M p p C c C m n k p

p p p
C m n k p

p p

 









  








 






 




  

    


 

  

 

 

From the above result, we have: 

4

1 (mod )

2
3

2

4 2 2

( , , , , )

2 1 1
( 1) 2 , 1

1 ( 1)

( 1) , 2

p

m p

C m n k p

d d
p p

p p

p p























   
     

   


 

 

 

This completes the proof of Theorem 1. 

From Theorem 1, Assumption 1, 2 and Lemma 2, we 

immediately get the Generalization of Theorem 1. 

Generalization of Theorem 1 Let q  be an odd integer 

with 3q   and k  be an integer with 1k  , then for any 

fixed positive integer n  with ( , ) 1n q  , we have: 

2 2

4 2 2

1 (mod ) (mod )

7 4 4 7 5 4

( , ) ( , ) 1

( ) ( , , , , ) ( 1) ( 1){2 [ ( , 1)] 3 ( , 1)[( , 1) 2]}

( 1) ( 1) {( 1)( 1) [2( , 1) 1]}.

q

k

m q q p q

p q p q
k p p k p

M q S m n q p p p p p p k p p k p k p

p p p p p k p

 

 

 





 

 

            

       

   

 

and 

2 2

2
4 3

2
1 mod

4 3 3 4 2 2

( , ) 1 ( , )

2( , 1) 1 ( , 1) 1
( , , , , ) ( 1) 2

1 ( 1)

( , 1) 1
( 1) 1 ( 1) ,

1

q

m q p q

p q p q
k p k p p

k p k p
C m n k q p p

p p

k p
p p p p

p



 







 

 

    
    

  

  
      

 

  

 
 

where 
||p q

 denotes the product over all prime p  of q  

with |p q
 and 

1p q 
. 
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